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@Sajtaii; ﬂk_ ABSTRACT

mAtha‘t;many, a priori distinct, problems of homogenization includ-

ing the case of rapidly oscillating potentials tefr-Benssoussami_.

4L—inht*uns‘und-rapunfcuiauh43¥$t’can be studied, and the limit problem

computed; in a-unhifiéd way, through general compactness and convergence

&

réesults for sequences of functionals of ¢alculus of variations. tThe
convergence hotion is taken in variational sense, more precisely iﬁft;e

the notion ot(f%conVerqence introdiuced by De-Giorgi,[4]:

- 4N
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SIGNIFICANCE AND' EXPLANATION

In Mechanics, Physics; Chemistry it ;CCurs»frequently one has to study
a boundary value problem in media with périodic structure. When the period of
the structure is small coimpared to the size of thé domain in‘wh§ch the system
ig studied, a microscopic description of the. system is difficult, but one
might expect to get a good macroscopic description of the system by making the
period-parameter go to zero‘ih the equations which describe it. This type of
process is. called "homogenization".

When the eéquations have a varistional formulation; for example, when the
solution u, of the microscopi¢ problem (with period €) minimizes a func-
tional Fe (which is in general related to the "energy" of the system) over
a. space X (the boundary conditions are included in X); one looks for a
limit functional FO such that u, the limit of ne, minimizes F, over X.

0

We can say that F is ‘the limit of the sequence Fe in the "variational

0

sénse". In recent yéars this type of convergencé, called "I'-convergence"
(notion introduced by E. De Giorgi) has been intensively studied.

Using recent results o6f compactness and convergence (in I'-sense) for a
large class of functionals of €alculus of variations we can attack many
different problems;of\?émogenization with a unified point of view., For
éxample, one can explain the behaviour of U solution of the following
equation with "rapidly oscillating potentials" (studied by'Benssoquan, Lions,

and Papanicolau) Hu_ = Aut + % w(ie‘-)ue = f on Q; 0, as € goes

usl =
w

to zero. W 1is a periodic¢ function (in eac¢h variable) from R to R,

with zero mean value. Actually, one can prove that ue converges and compute

the 1liinit equation.

The responsibility for the wording and views expressed in this descriptive
summaxy lies with MRC, and not with the author of this report.
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AN ENERGETIC APPROACH TO HOMOGENTZATION PROBLEMS WITH
L]
RAPIDLY OSCILLATMING POTENTIALS

Hedy Atcouch*

Introdustion. The model problem, studied by B.L.P. [2], of homogenization with rapidly
oscillating potentials, is the following:
Let W be an Y-periodic function (Y is a basic cell in R")  with zers mean

value, and u, the solution (which exists for u large enough) of:
(r) pu, - Au 4 L W{ﬁlu = f on £, u =0,
€ ‘ € e € e tim

When ¢ goes to zero, one can prove that u, converge weakly in Hé(ﬂ) to u solution

of:

.

{1} u - du + M{WX)u = f on i “'aﬁ -0,

‘We denote by M(WX) the mean value of wx' and X is defined by:
A% = W
X is Y-periodic .

a) Since u, converge in weak-né(ﬂ) and % W(%) converge {te zero) in weak—u-l(s)
it is rather surprising one can go to the limit on the product % w(%)uel Moreover its
limit depends on the partial differential operator you work with in the equation (Ic)'
(Here we took the Laplacian). We shall first give a direct energetic solution to the
model problem, and emphasiZe on the fact that the sequence (% w(%)uc) converge to
M{WxXlu in ueak-ﬂ-l(ﬂ) and that one cannot expect a stronger converg;;oe.

b} Then, we give an energetic interpretation of the previous problem showing that

it is a particular case of the more general problem which consists in computing the

.
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limit (in variational sense) of sequences of functionals of the following type:

F (u) bl ] t( .u.Du)dx

where f is Y-periodic in x, and convex in (u;Du), .and satisifes boundednéss and
coerciveness assumptions, :

This approach leads us to study more general problems than (I r,‘) and to.some ronjec-
tures concerning the convergence of such general ssquences Pc:

c) We obtain, through direct computational method, the limit equation when f
is quadratic in {u,Du); so we treat in a unified way, homogenization probleims with
firat order terms (cf. [2)), with oscillating. potentials, =-=. As an exanple, lat us
consider
(11 va, - iZ [ij(x] ™ ] «+% Ne]“e =f on @ el " 0

j n
where the coefficients a i are in L (R"), Y<periodic, and the associated mecond

order cperators uniformly elliptic. Don't assume the a symmetric, We observe that

i)
{u is taken large snough) the sequence (%'"“(%)“c) convarge to a first order term
>0

1

in'wnk-li_l'(ﬂ) and prove that u, converge weakly in Ho(m to u solution of:

(rm pu + Aw) + ] H{ai )_‘ uj -g-f—-] e +MWX)u = £ on R ulim =0
+

where A is the classical ~homg‘enit,ed operator of the family A% = ): 3 X, ij (*) ) ¢
(cf. Theoram 1 for a complete statement and definitions of a5 xi, X). Vmen the

coefficients are symmetric, aij = 3 (II) reduces to

3’

(11} pu + A(u) + M(WKlu = £ on O ulag =0

Jblis

d) We then study natural extensions of the previous results for higher order
operators, studying with particular attention the limit in variational sense of the
functionals

F (u) = / t‘(g-,u.nu,pzu)dx ’
Y]
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when £ is Y-periodic in x, and guadratic in (u.Du.Dzux.

2, L
(IV)Y : b 4 A u + 2 Nu =t

and moxe aonerally of u, solution of

2

o o+ Aa 4 L
L] ¥

b
¥ -
(\1!!)ﬁ rbuv + : w '}divun +

Q, 1

as ¢ qoes tu xero; {(wWe axsume the wi

Theorem 8&).
Plan,

e—.

3

;3 % "

(cf, Theorems 3, 4, S),

This allows us o describe, for =xampla, the limit of u, rolution of

£

have zero mean value) (cf. Théorem 6).

Then we study the general compactneszs and conveigence problem {Theorem 7 and

i, Romogenization with vapidly oscillating putentials for econd order operators

1,1, Study of the model prohlem.

1,2, Energetic interpratation.

1.4, Homogenization with lower order terms.
1.5, Study of the general problem. Conjecture,

Ti. Study of higher order problems

2.1 Study of the model problem,

in (u.au.Dau)q

2.3 Energetic interpretation and general prablem,

[‘

1.3, Homogenization results for quadratic integral functionals in

(u.D\I) .

2.2 Homogenization of variational problems for integral functionals, quadratic

;iiéoaﬁiﬁniw'
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I. Homogenization with rapidly oscillating potentisls for second order srerators
i 1 St.udy of the ﬂ_@‘l Pt@b“.\

Proposition 1. ‘let N Dbe a Y-periodic function with zaxo méan value; as + gous Lo

s9re, the solution u  (which sxixt, if teking u large encugh) of
; 1 e
‘(lt) | \.mc A“n + t "(t:)“c = £ on iU u'!an » 0

converge in vnngé(R) to u solution of
{n Wu - du + N(WXju = £ on 0 ulm =0
vhere X is defined by (1,1) [ax = W
X iy Yeperiodic .
Proof of Propositicn 1.

a} The exiatence of L solution 6f “c)' for u large enough, follows easily
from the cosrciveness ot}hn, bilipear form lt(‘,*) associated with (Ic): {from now
on, given G a function on R, we shall write Gc(x) -~G(-E})‘ From (1.1} we gut

1
(1.3) Ml:xc)v il Nta ir. follows that

/

it

L. Lo

'wtuzdx -] A(cxe)uadx «2 ] (DX) . ~u-Dudx ,
Q f
and
ot 2 uhuld + foul? - 2jox], ful, Tealy 3 6, llul®
g - ] 2 L) 2 - " "1
O

for u large endugh and some PO > 0, From vhe uniform coerciveness of the (ae)

1 >0
the {u) are bounted in K. (D).
[ 4]
(35] N - “;
b) Let u 1Y i, A8 € goes to xerc and let us identify u as the solution

of {I): The only problem s to computa tha limit in %ak-u‘l'(m of the aequénce

(—:— "c“i:) i Given ¢ ¢ c;(m (a € function with compact support) lat us look to
0

L (o

1 - !} W u vdx; from (1.2} :
T« [ A(eX )u gdx; inteqraiing by parts
L ¢!l

T = SJ'; eX lAuy + 204D+ udpldx and using that u  satisfied (1)

A -
- % ’1’ U
g

2

»

B
%
3
%i
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xc: * ;{ exc“wr A "c“u:

Lim T« lim [ eX,

g cor

S 0

1w uvdx = MWX) [ uedx that e o say

0O + 20\:?0@ & utwldx; when ¢ noes; o 2ere

B

N{WX)u and u satisfies the limit equation (I).

. . -l
1 w -N )
. 't:“r. €0
Remark 1. From {1.2} we get: ' X
we b, [ 2w ouvdx o« [ Alex Juvax « [ (OX )[ou v + u Dvldx )
é "A{l—' [ Q ¢ k& A € IS o

safoxl, dod ) vl gelvl
"Q "0 N

™

In fant we cannot expect a better estimate, than the H'l(..) one, on the sequence

(-!- Wud: If the (3- Wu) ware bounded in 1.2. then pu_ *+ du  would be bonnded
DR € o o € €

in ﬁz. the u, would be bounded i H?, hence compact in )!é: gince ;x w*_ goss

to gero in w - n’l, the product %"n“e would go to zero, which ig ot the case if

W‘Q.

Pemark 2. A rather unjuspscted resulk is that, dispite the fact that the sequence

(—}; w‘cu e) is bounded only in H‘l, ite Mimit is sti)d a zero ovder torm; actually , i
€*0 e

this is relevant to &ie particular form of the equation (Ic): we shall see nuxt A more .

general situation where this is no more the case (of. Theorem 1). ' R
Remark 3: The limig of %ucut' which is equal to (= T‘-}TI lelzdy)u. depends on

by
the differential operiator which governs the equation: since X is defined by X = Y,

if instead of (X} we consider {for simplicity) iy
1
wa, - Aépc towu = f A,
then, the limit equation will he:

Wy = Ay & MWK = E L
2

1.2, Enerqatic interpratation.

Let us interpret now the behaviour of . solution of

1l -
I - 4 = 3 o .
(x) Wa, = du + WO £ oon W, \

¢ Yelag
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a) The solution u. of (I,) winimises the functional P (+) = (£,«} where

¢

Y 2.1 2 1 2
¥ tu) - £ Fulal®+ 3 toul® 2w lulax s
In fagt, introducing: X the solution of {1.)1) Jax « W + which dxiats since

4 X X~-periodic
[ Wiy)dy = 0, we may write ¥, in the following. wayt
Yo ,

Fu = ! %« wlul® + % [ou)? + %»caxcmadx and integrating by parts ,

L -} jou]? - tPX) cusDu dx

L
Tt 2D
S for

Therefore

P o) = [ e, u,barax
[ q 4

with
1 b} X 1 .2
txom) = 3 jef¢ + )t:;;; (x)Tay + 3 0L
2
Taking U large emoagn in ordexr £ to be positive (for example y > % ): ‘3%5“‘ AL,
1

£ will ba & positive quadrativ form in  (£,3) and hence convex); woreover

Vit ¢ X x mxn®, AQM‘ St gm) < Aol(;.:)l" It follows that the correspond=
ing functional L is atrictly convex coercive én u‘(‘,(m and that the only solution

of the corresponding Euler squation (”‘c) {s the unique point U where PQ anaune

its ninimum,

b) From H. Attduch [1], (Theorem 2.1) it followa that the family of convex func-
tionals (r"‘)p(& is compact with respect to the I (v = ué) ana all convexganas,
{This result i{s an axtension of the compactness result of Carbone and Shordone [3] to
the case where the functionals depend on u and Du, which ia precisely our situation,)

Lat us give the precise atatement we uoe:

Theorom A {cf. (1]}, Let £ 1 (x,i,x) ¢ n“ XRXR e—p fh(x.im) a saquance of

h
functions measurablé in x, convex continuous in {f.a) positives, th(x,.o.u) = O

let uw define for every # bounded open set in X"

X

R
e BHR e




N
££h(x.u(x) QDutadlde if ue Lip (R

!‘h(u.f?) =

} n n
= if gt Lloc’(n )\Lipwal”l! 1

and lat us ssaue:

(H) e Limx(ln) and ¢ continuous increasing in ftl,‘ 2] such that

Ve N, 05 f (k) < ataedellxh .
hion, the following conclusion holds:

a) Thare exist a subsequence (h(p) )'F » such that V(& hounded open set in R",
_— n '
Vu ¢ Lip wm )

-1 =i
Flul} » ' (L (1)) lim F (v} = I (L (R}) lim F, {v,R)
' ( ol TR pore DR

A ' vl

exist,

8) There exista a function £ measurable in x, convex continuous in (£,z)

such that VR bounded open set, Vu ¢ Lip ocm"l

Mu,d) = [ £ix,ulx),Dulx)}dx «
f

Y) If Aol:l“ s fh(x.z.z) A (1 }(E.:)Ip) for some p » 1} then the conclusion
extends to the whole space w;'*’-(m and VI bounded open set, Vu ¢ wé’p(ﬂ)

Fa,m = v~ WP dim B )
p prie P
v
So we may consider the problem of homogenization (I c) as a particular case (more
precisely of quadratic type) of the general problem of computing the limit in variational

wensa of the following sequence of functionals

x Yuperiodic in %
(P) ‘Pt(u) = !; t(;{.u,m)dx where f is

convex in ({f,x)

and satisfies some boundedness and coercivenesa assumptions; for simplicity let us assume
N e O S IR N RS LN LIRS R W
‘What the preceding theorem tells us is that, if et converge, its limit FO is

5till of the form E‘O(u) u ] f’otx,u.m)dx: this implies that the sequence (“a) '
R >0
where ‘“t: minimizes Ft: converge to u which minimizes Fo.

s
<
_ElEnai e

(4

"
LGN PR

Y Carsg
S
o el

e v

3
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TR

(34

Two particular cases-of problem (P} have been intensely studied:
o ik, L,x) = £{x, L) (f is independent of 2); from Marcellini and sberdens |-}

it follows that ¥, converge to F, whare

1
Folu) = g folu)dx and £ () » ¥] £ fix,L)axn .

2, f{x,{,n) = £{x,n) -t is independent of £}, it follows from Carrcne and

Sbordons [3] that rn converge to ¥, vhere

0

- N . o l i o 2 Y . n )
APQN) "{ t’o(m)dx and fu(;) - ﬁn{m{ £0x,Du + 2idw,u ¥ pexic\du} .

Mo are now going to study in the next paragraph the general situation ¢orresponding

to the model problem, that is to say the case where ¢ is quadratic in (£,z). (We

‘Say &lso notice that the case fix,f,2) = £, (x.8) + ty(x,2), 18 a straightforward

sxtension of the previcus ones.)

1.3, Womogenization results for quadratic integral functionals in _(u,Du).

The genaral form of a quadratic integral functional r will be:
ou du %
e = {1 a3 Du e B e oo
wvhere the coefficisnts ‘1j' bi' ¢ are Y-periodic: let us assume that

= a..)

: gtz Aa)? 51

(a”
cix) > u
with ¥ large ehiough in order the Fo to be convex, positive, uniformly coercive
1
on Ho(m .
The Fuler squation, ¥ (u.) = £, (€ ¢ H '(2)) can be written:
3 EN au
{1.3) - z 3;; [aijco axj] X 3x (b u RIR 2 bi "‘: + ﬁc u, = f

or equivalantly

du b, \
3 3 1]y i
.4) - 2 —n [. . ..........‘, <« = l [_,...] u t2cu * g,
i axi 1) x ¢ axi ¢ €€

-8
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More generally, let us: consider

{Ir_) ) ~3—-{a fff) slyu ven =f oon G ou, =0 :
€ .M, Ci . A 3 ! . ¢
i axx i} 3“3 A A £F ﬁ!d,
with a non-necessary symmetric, W Y-periodic with zerc mean valne; withong losz »f

i3,
generality we may assume c¢ I U; the following theorem gives us the answer to the

asymptotic comportment of u, as € = 03

Theorem 1, For ¥ large enough, the solution u, of

I TN

Z aue 1
(11) { ] +>Wu =£f; u =0
€ axy 13 :sxj ce slm

exigts, and uc converge (as € goes to zero) to u solution of:

iy
{In wu # Au) + Z M[a. X a, %é— JEL + MWX)u = £ on & " = 0
3 J i ]

(1.5). A is -the homogenizZed operator of the family (%) , A%u = - Z £ [ au '
>0 ax ij 1

d=- 14 S 9y = M[a -la i’é‘) and A

i ij a;iaxj i3 ij X k3 axk %

x' is defined by |a"(x* - x.) = 0 with A" = Z --a-- (at, <) »

i x ij 3?.:.‘ W

L e vereriodi . e A

X" is Y~-periodic (aij = aji) :

(.6). X is defined by A'x +W=0 and, i

X is Y-periodic ﬁ

.

(1.7 ay = Ja
X jk Bxk

When the A% are symmetric (aij = aji) or with constant coefficients the limit egqua-

tion (II) reduces to

(II)bis e+ A{) + g(wx)u = £ . .
Corollary 1. When ¢ goes to zero the sequence of convex functionals (aij = aii) ;

du  du du 1 2 :
F (w) = Z a.. =394 Z b, u 2% 4 £ ¢ vfax :
€ 2i3 J’e axi ij i ?xl 2 ¢

-0
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converge in r‘,(w - Hg) sense (we assufe the aij uniformly elliptic and ¢ > y with

b large enough) to 'E‘O which is equal to

Fylu) "«‘[ { Z 94 KL SLN %M(c* WX)u }dx

3
) X axj

H o ab,
- where .q, . are defiried in (1,5) (with A = A) and X is defined by |ax =[] =
13 { 3,

X {s Y-periodic .

Proof of Theorem 1.
a). As in the hodel problem the existence of L solution of (IIC) folliows from

" the coerciveness of the bilinear form a (-,+) associated with (IIc)x From (1.6) one gets

» 1
(1.6)p 0 A(ER) + W =0
a(cx )
3 *
f-kwuzdx-fz-*-—[a )udx
a € c 21,3 3x1« i3 3xj

=-2fu I a : {ax} -a-\i-dx
a 1jij jaaxi

<2 fa |, - fox], c Jul,  fou], .
Ly M 2 2

It follows that

2 2 2
retu 2 wluly + fouly = clul, + foul, 2 og sl
e 0
for u large enoigh and some Po. > 0. From the uniformly coatcivml\ess\ot the (a‘:(o,-))":>0
H w - H
it follows that the (u)  aro bounded in HJ(R). Let u_ ——>u it is clear
€*0 -
that (Acu ) and (-—- Wu) are bounded in H'1 (R): we are going to compute
Ce0 & S o
their limits in weak~-H ":

3
L

A

\ b) i‘irst. loock to. the liwmit of (%fweue) as € -goes to zero; .from (l‘s)bis’

1 . €>0

1 e 2t X
. "e"‘e’ A (exe)ue ue X axi (ah.‘ axj) 4
€

let us introduce

-10-
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A}
{.n ainfaﬁ !
then
3
Swa wu J et )
€r €q axi ‘c
which is equal in distribution sense to
du
1 3 €
(1.8) AN =)o, u) o, =5,
¢ e ¢ 'u)xx lu (4 i 1: axi

The first texm of the zevond memboy nlearly convurpn in weuk~u-lt

) W
(1.9) b oo (o L N
L™y t Q)

Xam\
i i
The second one ds bounced in L’(O). but we cannot compute directly its limir) given

v e C;(R) lat us condicer
1

du
’ : N A
Jow=fTa, =fvaxw~ [] {La m(cx)]wvdx
S R p iy Mg ¥y %y

&

-4
e

tex ) o
de] ..u..‘g...[za
§ axj i ijc Ix

]wdx and integrate by parts
i

£ by
r d H]Y!
O £ . c Qe
S R R [a w*wq + ) A, wes =ldx
a c. i axj ijc Oxi 143 ajc axi axj

r du
€ * ¢ 0
J g!cx L RN N T z a .mmd&‘
CER S N i, axi 8xj]

We now use that u iIs a solution.of (IIF)t

IV
¢
a;-]cx v(uu ""‘Nu-f)*),ﬂ ....‘:....ﬁ..}d,“
e € 1oy Mg 9% ¥

Going to the limit (as ¢ * 0)

Lim 3, =3 = M(WK) [ wak

£+ {Q
thay is to say
. Bn L:.\
(1.20) - % W R mmwxm ;

-ll=




e id

. QR T T Y Y

TR YR
A

e

‘operator A of the family (A%)

from (1.8), (1.9), (1.10) we get

1 w-H
{1.11) TV, ~—;~;—5* Z Min) -: WO

¢) TIn order to compute the limit egquation and to avoid computing twice the same
limits, from (1.8), we write the eguation (rIc) in the following form:

Ru
) [a ) + fa, u) = £+ Z a .
3x1 Sj 3¥j Z Bxi l € i Bxi

‘Lat us define ‘the family of unlfornly #lliptic operators (B )

v
(1.12) B % yv = I axi [ ije 3;;)

e’
3
+] 2 (a, W) .
1 i

Our problem reduces computihg the limit B of tlie sequence (Bc)c>n in variational

Rl
seniw (that is to. say the homogrhized operator of the (8%) sl since ¢ + ] @y 3;£

¢ i
converge 1n~woak-L2 (hence in strong H l) to £ ~ M(WX)u the limit equation will be:

(1.13) Blu) + N(WX)u = £,

d) Let .us compute B given g in Lz(n), let Ve be the solution of

.3 v ‘
(1.14) e = 1§3 3;; [ 1j 3'3) X ax {u c) "9

et us introduce

v
elyn

v

t >
[o=la, =—
i j ijs ij

w-HJ'

2
-and let u3 extract weakly converging subsdquences Ei ¥ob. Cl. v —_—la v. The

€
liait equation will be

g

i v .
{1.18) py - J == Z LICR) -g .
1% ax

The problem is to identify the Ei' just like in the construction of the homogenized
let us 1ntr5ducé XL solution of

(1.16) A‘(Xi- xi) = () and wi -x; - xi

Xi Y-perindic ,

-2~




Eag

Given v ¢ a';(m 1é. us multiply (1.14) by swi«o and integrate over ": let
K = f f €5 jﬁLvéw;dx + ] Z 3:5 Ta 2. 1rwi))¢dx [ Jav A (rele)dx
L 5 j«axj &£ a3 axj kjc axk 3 R 3 ir dxj e
Kcna£+b£~6cs .
Then the identity we get .can be written
i
1.17) l(e - {gq - vvc.sw‘ew) .
Let us compute the limits. of a.. b, et since
i i i
o=, cxc, ew 7-;~57*L X;
which implies

S
{1.18) a, W{{ ggj axj *dx .

Integrating by parts, .

9. 3 i ¥ 3 i
b=~ [ev [} == [a 3= (ew ))dx v 1= [Z a . 5 (ew)ldx .
) 2 "k axj kjc axk € a ¢ j axj X kjc 3xk €
K LIS §

From (1,16) A w = 0, and Ae(cwn) = 0; therefore

. I

- , v z-i.v.- [X a PRy (cw )]dx R
, axj K kjc 3xk ¢

Since

- k c
bc may be written
e s Loy Doy - Doy ) 2
¢ a * i3 %3 ExK c Ix,
and
(1.19) b ——- ) Ma.~Ta B-g[v-z}ﬁ-dx
‘ ) : ij kj Bx n *
k | Y] J
Lut us look finally to ¢ :
ep=-[la, v i (ew ¥)ax
83 Je j
—13_

e i st




3
.g
§
3

G o

i
i

E ujgyeewc 5;; dax - f ai v #dx + f Z o ‘v [ axj] vax ,

x £

a“ . i
(1.20) - Xmaj) [ v. ;v 5 4% = M3 [ vedx 4 {u[j S )]wax .

c*——-—-—-——»
¢ (e*0) h 3 0

Y,

From (1.17), (i.18), (1.19), (1.20) it follows

i
. iid X~ ik 3 ;
a2y [ ] g - { u[ -Ta, 2 [v2—ax- I~M(u y [ v o= (x,9)ax
ag 3 axj 37 E 0 o % 3 é oy 4

1
) E{ %3 5 ) | wax = f lg - wvixvax .
3 *3

On the cther hand, multiplying (L.14} by X integrating over I, and going to the

limit as € + 0, we get:

(1.22) f I 8 5 3xj (x,0)dx - 2 M(a,) j v x (x,0)dx = ] (g = uvhvic,dx .
3
From (1.21) and {1.23) we get
(1.23) [ gvax = - [ Mfa [ a +£u ”if
' i 137 4% ax Vi, & EEINE St
Q 3 3R
Since this is true for any ¢ ¢ 0;(9) we get the following equality (in distribution
sense) :
(1.24) £ =] [ Z a ] (Z a ) v
i 3 k3 axk 3x 3 3xj
From (1.15) the limit equation is
i
- 2. - 1. 2
(1.25) uy igj { -1 . ] TR % g u[ui § Ly '“3] B £,
{1.26) W'Av%z%u—xa ﬂqﬁl
i i 3 3 axj 3xi

e} From (1.13) the limit equation is

i
(11) pu o+ Au) + § N{ui - § o, 35—} QM= £ on W Uaq = ©
1

-14-
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Let us look in detail to the coefficients of the first order term: by definition,

. i .
A x‘ LI E 5%— (a;iY: 1st: us multiply by X and integrate by parks: we get -
k

-Izn:jax a: Iz‘:xax"’”

on ‘the other hand

Xt oot ax
o dx' a ——. Sy
[JoEan 1 B2

Since

f agdx = f l a;k o dx

wé see that all these quantities are equal when the coefficients are symmaetric; in that
cage the limit equation rednces to

‘(lehia nu + A(u) + M(WX)u = £ on iy u|.(m =0,

This is also the case if the coefficients are constant (M(ui) 1 0).

Remark 4. We may write the aquation (1Y ) in the following form

€ 1
A u, » f Py wﬂuc uuQ '

We know that A" » 4 in variational sense {or in G-gense) which clearly implies that:

1
w=H H -1

Viv g ) € A Vo TR Ve g, Bl g e aym e d
But we cannot use thia argument in order to go to the limit since the sequence
(£ - % Wu - wu a) o converge only in weak-—ﬂnl its limit being equal to
€= w= f ot “i M(WX)u.

‘Actually, the limit equation is not
kA + ] Ma) a4 MWK = £

S0, the arguments developed in the proof of Theorem 1; justify and éxtend to the non-
symmetric case the result of B.l.P, [2] ({Theorem 12,6).

Another way of looking at and extending the previous results is to consider vhem
as homogenization problems with lower order terms. That's what we are going to look at

in the next paragraph,

]G

5

E

x
e
Iy
i«.
o
§

]
»

PRETN

LA

S

TR LRI

-




[T

are Y-pariodic, the (aij) are uniformly alliptic) of the following problem:
194

1.4, Homogenigation with lower order teims.

We are going to prove the following statemant:

Theorem 2. Let u be the solution (u is takén larga enough, all the ccefficients

au u
]
(xrn). uu~I—-,~{ } T = (Yu)+Za TEef oon O, uy wo.
e Mo T h R Pud] ] My N tlag

Whei £ yoes to zerxo, u, converge weakly to u in Hl. where u ds the solution of:

0

i
‘ ax v 38) 8w . a8
(II1)  uu + A(u) + z N[y - Z -.-.] —— e X N{B + ) a ) - N{Z Y '--] u»f
£ Yy TS Z 1 g x D

u]m -0

where we denote:

A is the cnnical‘homonig‘od operator of the (7\‘) 0 {ef. 1.5)

the X' are defined in (1.5)

B is defined by: . '
(.27 Ale e § ;—:g-

8 Y-periodic .
Proof of Theorem 2. From (1.12) (X'II‘) can be wiitten:
(1.28) B + 18 3:1‘—-: .
€ f ey

The only problem is to compute the weak limit in 13 () {(let us call it n) of the

1Y '
seguence {Z 81 3;5-) 1 the limit equation will bhe
L% 7Y
(1.29) Bu+nef

with 3 given by (1.26):

axd
(1.36) au-puu(un[u[ }jyj ]-"’;‘!-
Xy 9%y

From (1.27) A (R ) = ) 2 tes, 1) let us multiply (1:27) by vu_  and inteorate by
[ j aaj je €

parts:

=16

l§

t.'\ +



O

ks

SR

P ]
[ 5 ay, wi(eB) 5— tpuyax = -] [ 8
4,9 ” %y %; F ia t

this implies

£

-

¥
== (¢u
X,

E)dx :

-

! { Bue f z f X A z Quc
- 18, m)!ﬁdx s u ax + | v (cS)I a, '-r-}dx
2 4 i axi £ ax a5 Qx H gc Bxi
‘o) oo
| +/1 [‘ij ax.] U 3, X7,
. R j i
¢
f Z 3uc
AL.30) - [ 8, ]vdxta +b +c
g1 ax‘i [ €
Clearly
¥ . o
(1.31)  a = []B8 u =—dxi——=>] M(B,) [ur—adx,
€ a1 iecaxi {c + 0) i iQ axi
(1.32) ¢ = | Za.-——- 2. dx-———-—-’ZMZai fu
€ 4 i3 3x eax {e » 0) 3 ij 3x
€
Let us consider
1 wflal o
b = == (cB )[ }vdx
€ 9 3 J i 13 axi
and integrate by parts
f du 3
«'3 v .2 P
bx-fcﬁ[z [ ]wi»):a -——--——-}dx.
€ a € i.j 15 %, i 1& 3"& axj
Using that u. satisfies (IIX )
Ju . u
3 \ € * £ ¢
b =-fc8(v{uu ¥l (y,u) % | 8, —-f)+ I a.. —-—-—]dx.
€ a ¢ € Bxl ie i axi i3 ijg axi axj
Clearly,
= 2
limb_ = lim {+ JeBe] = (y, u )dx}
0 ¢ eol g © T i€
[y
= 1lim Y £R 2y -'—5-) »lax
a0 S{E i c[ e ax, [3:(1 "\,l
¢
and

-17-
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g, S
‘4 k

S o 4

sy T o

S .ELJ
{1.33) b, T n[§ A s ‘{wax .

From (1.30), (1.31), (1:32), {1.33) we gets

(.34) ‘]’Amax-}ju(ai) [ur—dx*&N{XTi 3:] Iwax+2n{)f a ax] Iu

(1.35) n = f'ﬂ{l‘ v la ag) .. { Y ] .
i i 3 ij 5;;‘ Ex I i3 "

From (1.26}, (1.29) and (1.35) tho limit equation iam:

(D) i+ Aty +‘§ { [Yi X Yy a‘;] + "[51 + ) a:j 5;-)} o [I Y ;f-]u -t

“'3(2 )
Remark 5.

. L] R
a) When 8 =y, with vy, = z‘ix :: (which vas denoted a,, of. (1.7). Tha.l)

wa get

I s;f - “'2 Sx ( Rk ';;) - a'x

m. i“ (1-27)0 ‘e C‘h t‘k‘ B - X. It follows that

+y‘ii3x z‘ikaxx*z§xxk 0

and
3 1 * 3% 38X
NI R R
{ ¥ Y i)
is egual to M{WX) since

.

' 1 g0 ) + o
NWK) = - =2 [ A X Xy » =2+ [ T a ==
M a 1¥] Q i.X ik 3xk axi

S0, formula (IIX) reduces to (II) and we refind Theorem 1.
b) When ¥; ™ 0+ -ve obtain Theorem 13.1 of B.L.P. (2],

1.5, Study of the general problem; conjecture.

Let us congider the problem (P): how to compute the limit in variational sense of

the aequence E‘e whére

-18~-
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sl AL S
Vel

o Fow = [ 6, uonax
a

with & y-periodic in %, convex in {y,Du)l and Aolzlp < f(x.5,2) < Aotl + [g|p + lzlg),

P~ 1. From the general compactnass Theorem A, ohe can axtract .a subseguence Fc and
’ K
find a normal converse {ategvand q such that

vir A Vae WP b « Fw - WP lin P ()
LN Q v] 0 €

where PO(u,ﬂ) » f g{x,u.buydx (Ap is the family of bounded open sets in R').
4] n

The problem is to ddentify 4: in the thxee cases we already saw (f indepandent

of &, £ independent of =z, £ quadratic in (£,2)), the integrand 4y does not
depend o X. Actually, this is also true in the genara) case:
Proposition 1. The dptegrand 9 i& independent of ..

3 Proof of Proposition. 1. Following the proof of {1) Theorem 2.1, there exist a convex

integrand 50 such that:

ViEz) € RXR vt e A B (6 +{z, 0 » [ £ (x,8,2)dx
Py 0 Y 0

e and
woe WP F (A % [ £ (xaux) - {Dulx) X)) Dulx))dx .
a
let
i‘iﬂ)—* + ('n w)
“ck PRI AR
guch that

FAZ ¢4z, )0 = lm F_ (u_ Q) ,
0 kotm Ok Ok

Ft" (“kl

S o= I f(%“n “i: QD“‘C Yax
k 'k ft R % k

since £(,£,2) is Y-periadic

; X i , i
= { . P, u e = e de Du (% = mpeedax .
{40, ¢ X K k
Kk
n R . i i i, 1
Let X, e R be fixed and take o, such that mey < ¥, < (o + ey« Therefore,
i i X : n .

Ix, nkckl te take @ =Y +x where ©>0 and x € R are fixed, From

-18-




uniform boundedness assumptions)

P (w ¥ +x) =P (vt +x s} =0
(N X g ke , 1 %

. . 7 i ; ;
where Yy is-equal to u‘k‘ v ehget on Q4 Ry and ia extended with uniformly
bounded: darivatives to @ + Xqe ‘

Sines v, corverge to (L=Caxgh +lu,d dn wley 4 R

. ‘B 3 A 3
Fo (& (I,xq) + (3, ),Yt + x5+ 00 ¢ lin ing ftklvk.Yc x4 x)

liminf P (u oY 4 x) .
C Ex © 1
Therefore,
w>o f - lax hmiax g [ fotxiEimddn
Ythcoﬁ‘ Y:wxl

N-ﬂ’m -t go to sere, this impliea

£, tx,y + xl.t-(g.xo'),a) <Lyl it3)
that is to say

(X.36) Vikgx) ¢ RXRY 2 (x4 X Eom) £ £ (x 08+ ok den)

AY

Writing * L (xx + xo) - X, and applying once more (1,36}, we get

(.37 Vixga) € RUXRY g0 (x84 Caxgla) & ol xgEam)

rom {1.36) ana (1.37) it followa

(.38 Vixgx) e X' x2" Ve R vae B £ rg # % oE o) = €000 € + Crixgdyz)
and taking X, =
(1039) fo(x.C,I) - fO(OJE -+ (l.x).l) 15
this iwplies

Folud = [ £, (0,00 = ¢Dulx) 22, Dulx)ax= [ £,(0,u(0 ,Dulxllax 1oa. g(x.E,z) = £, (0,8,2) .
a @ a ® 2

Remark 6. It should be interesting to get a general answer to the problem: to know

if, under periocdicity conditionz:on x. and convexity on (£,2) of £, the sequence

-0~

continuity assumptions on the functionals LR (which ‘gonows from the convexity and

- n

pt——
kTl

3 N ¥
O C TR G

S

-

.
e



% T;(ﬁ) » ['ftfo u,Duldx converge and vhat ix its limit aqual to. Tt sesns. reasonalic
i .

g

' to conjecture such a result. Let uk consider now the problem of the identification of ¢ 3

It the integrand f iy independent of &: —, ) ﬁ ;
F, () = ! f(*.u)dx
the T limit of F_ is equal to (cf. $1)
Fota) = é €y aax witn £0) > ﬁT{ fiy,Ddy .
1f the integrand ¥ is indepandent of &
P . ‘{ 13, Dataax
the 7 limit of F. iz equal to (of. (3]}

Fytu) = [ folDuddx with £o(x) = nin 1 £ly,bu + 2)dy
Y

whare we denote "Y the space of the Y-periocdit functiong in w*'p.

A natural conjecture concerning the case where f dapends on £ and 2 would
bhe that:

Fylu) = f FoluDuldx with £ (T 2) = min !Y! f fly.L.Du + w)dy ,

This formula ia vorrect in the two preceding cases and in fact that is the ope conjectured

by Benssoussan, Lions and Papanicolau {2], Remark 17.7,

We are going to prove that unfortunately it iz not correct in the genwral case: in

order to give a counter axarple wa shall use the explicit computation wa made of the
Limit functional in the quadratic case: Lat us consider
Fow) *s};{ Ej ‘13 33:1 ”8: +Eb “%‘i—«&-émcu}dx .
That is to say
F.tu) = 3: £, wbudx

with

(.37 RIS D e+ Inmer + pemet

PRI VTS S =
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From Corollary 1, we kaow that L

-F(v-ninur ‘

Fo e .

is equal to:

1 3u du 2
r(u)-f{~2 q +~n(c+mu}ax.
o a 2i5 jax axj

That is to say

Po(u) - c]z fo(u.m)dx

with
(1.38), £ (8,2 * 3 2 R 3u(e + wag?
where
(1,39) _ u[. -fa i’i) Ay = Alx) == ] = @4,
E I i P R SN L X A1
and \
3, _
(1.40) W E T A +weo
, i=1 ¥4 \
X Y-pe!iodic . .
S0, let us compute . B
I= wmin | £y, 2.0 + 2)ay : f‘j
ucw TT ' -

and compare to to. Lat LT be a minimizing point for I: it satisfies
’

du, . NP
. ) [ 4% 9 . ) 8

(1.41) -] -—-—-[.. )— I =t z)=-¢c]i—b =0

i3 axi i3 3xj i3 3xj i35 i axi i .
equivalently - ‘
(1.‘1)bi8 A‘“‘.l + (z,‘)) = '€N . 4:
From (1.40) .
{1.42) Alu, _ +{z,+}) = A(EX) .

iz

T -

Frow (1.42), we cannot conclude directly, since u§ 2 +{z,+) is not Y-periodic; so .
r
wé remark that

(1.39) axt = ax, => Allz, ) = Mg z,xh) .

-22-




Therefore

' i o o
Aug,, + g 2 X1) = A(EX) ey

®

and now, we can conclude since £X and u + ) z2.x* are Y-periodic:
Loz i

up o * Z zjxi~ = EX {up to a constant) .,
which implies
i
{1.43) Pu, o ¥ ) z,DX = DX
and
.
(143, Du , *+z = £DX £ 2 X+ &,
It follows that:
g k L
) X X . 93X .
bk el
|Y] v 2 i3 % k Bxl i axj % 2 axj h]
1,2
+ Z b, E[ -1 2, 3x + zi] +5ef ]dx .
Let us order the terms with respect to e?, p=0,1,2:
I = {a+ BE+ YEZ}
with
LI 3 k R
1 1[ XX . X X
ax== [z ] a zz ¢+ [ ] a =5~zz. - ] a. i zzlax,
j¥i v 2 i 13715 103,58 13 ) 9x Bx 030K i3 axi k"3 15,2 i) ij i
g,...l..j.l.(- I oa. X, s ) ax Za 2] a ﬁ‘_z]d,
IY Y 2 1,3k i3 3xi K BxJ 1.3k ij ax e ax i3 ax i3 8xj i
X ¢
1 3xX ;
e Ll - 1 o o {
j¥] i ;[ i) Tk ! ;

Computation of

k 3 ;
1 . 3X X~ X ‘
a=> M[ I oazz 4 Iooagz S -2 ] a,.—zz ]
2 o s . 2 i : !
i3 313 Kegedsj I X 3%y ax 1,5k 1 axi k™3

~23-




. i 3
1 oX~ 3X
a = *,M[ Z [a. + 1 a ¢ 3 B
2 i i3 K, % k Bxk sz
From (1.39)
i 3
ax* = -] ki

which impliés

ax’

i
ZZa.--—--z.z. .
X k3 Bxk 173

)

ax‘

Lod, .
ax“xh)y « [Ja, L-ax=[Ta T—ax:
! £k ki dx, { k3 ox,

on ‘the other hand

3Xi 3Xj

i3
@) = [ Va . =—-ax,
Y kzaxkaxz

It follows that
3 i
i3

o : X 1 ,
a=3 [ )} [‘ij - E ‘kj S‘:]]zizj-vi- 1),:j qy5%3%y -

Computation of y: From (1.40)

b
; i
M-Z*ax—i-

(ax,x) = -f [ by 3o
Y

on the other hand

. X
ax,x) =7 [a =
y 13 3xi

Therefore
L ) S

S S
YT {, Lay R T TH

So, up to now the formula is corract,

Computation of B: .

k X
B-n[_‘ e, Xy, A% b[ Sy a® .
i.%.k i) ox¢ 3xj k i),:j %15 3, % ) % E k Bxi)!
. oKy
r % x" 2 [ o5, a9)
) MLZ( l.- ,_ZJ aij axi 3)";; ¥ g % 3x1 " * z e % L 4" x: 14 :

-24-




Since

K L)
A" = “z v (a ) ]

X X
Cax,x) = [ ] a, = ax
yi k%

on the other hand

k
(Ax ,x)-]z ij 3X ax ). S
i

and B reduces to

oo oyfey - D n ) - s - Ty

which is not in general equal to gero! (In the modél eiample x'i = 0 and bi = 5%’(- '
i

80 £ = 0 and the formula works!)

. =25-

AL TN e IS T e e 5

Ry

Pee




PR i o o s ok

1I. Study of higher order problems

We are going to see in this paragraph that .many of the precedihg results extend
to higher order problems:

2.1, Study of the model problem,

Let us give an energetic proof to the highly oscillating potential problenm with
the biharmonic operator (cf. B.L.P. [2] for this study through multiscale method).

Proposition 2. Let u, {for j laxge enocugh) the solution of

A% 1 2,
(1v) Ha, + A u, t 3 wc“c =f on Q, u, ¢ HO(Q) .
(W is a Y-périodic function with zero mean value.)

When ¢ goes to xzero, U coriverge weakly in uz(n) to the solution u of

(v} pu + A2u + MW)u=f on R, wue ug(n)
where X is defined by
{2.1) A%x + Www 0

X is Y-periodic .

Proof of Proposition 2. As in the second order case, we remark that u, satisfies the

Euler equation associated with the functional Pc = {f,*) where

F_(u) = [ Gw? et an? e Lvwulax, ue B@ .
€ 2 2 2 ¢ 0
@ 2¢
Noticing that Az(czxc) +~J; "c = 0, (from 2.1), we cap rewrite Fc:
€

re(u) = f (% uu2 +'§ (Au)2 - 2(AX)C'(uAu + ]Dulz))dx .
1Y

It follows that: for ¥ large enough Fc is a convex coercive functional on. Hg(ﬁ) and’

that u_ minimizes L (£,*) over Hg(ﬂ).

€

Moreover, the Fc being uniformly coercive on HS(Q). the (“c) remain
w-=~H >0
boundeéd in ug(ﬂ); let u, — u.
In order to go to the limit on (xve) we have just to compute the weak-limit in

Hfz(n) of the sequence l; wc“c’ let us introduce ¢ ¢ Cg(n) and look to
¢

1 st oa20e2 ;
In = £ = wcuewdx = é A% (e Xc)uchx :

-26-
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I d 3 - .

integriting by parts

) I.n-)'(Ax) Mu¢+2Duw*uMldxz

* M i}

. v \ w1
since u, converge weakly to u in Hg. {and strongly in Hé). and (AX)FQLE'*&-L* 0

(2.2) 1+ {; (8%), by 9ax TG 0

making another integration by parts and using that e satisiies (Ivc).-vn get,

- f (6X) du vdx » - f‘ezx (8% 9 + du M + 209D (Au ) 1dx

2

(2.3) = (@0 duedx s < [ X((E = = W 0w 4 au b+ 20D (0 ) 1ex
‘ f t (4

Lat us conmider the last term:

2x 2.3 (Au Yax

3 u]e2wa(Au )dxu}‘] B Bu;

19
intaegrating by parts

2.4) 3, --):fau et 2y o 2K ’c\x} ]dx goes to zero a8 £+ 0 .
€ axi I c

From (2.2), (2.3}, (2.4) it follows that

-3 .
I T M) Ide which meana that %"euc LB NP

and we tinally get tha limit equation (). ‘i:

N A
2.2. Homogenization of variational problems for inteqral functionals, quadratic in i

gu,Dugbzu)‘

The general form.of tha functionals we shall study in this paragraph is:

AP R

P

v i s Srm—

22
(2.5) Fc(u)*' { Zaij ‘_.f—-—~
l.

where all coefficients ave Y-periodic, the (a,

i)
) 2
R L A T

) and (dij) uniformly cosrcive:

e s P A Ay g A &

' fz2v>0
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with. 4 and V large enough in order the F. to be uniformly coercive over nf;( Ya

- We shall not give a completa anawer to the problem-which mns;ists knowing if the
sequence (rﬁ)tM converge ih varlational sense (in M w - Hg‘) s’ensn) and what is its
limit egual to, Ws shall only explain on simpler situations {Theorem 3, Theorem 4,
Theorem 5) how to deal with the higher order terms.

The Euler equation corresponding to the eritical points of the functional Fe is:

2
2 7 2 a-a 2
3 £ 3 € 3
{2.6) I L [a ..*_) + { o { ] 2 [b .__uJ + Z S (e, U )
2 {7 2 173 3 ii K Bx ija axi 2 ic €

ax1 [ éxi axi
2 .
X ? “c 2 3 [ aqc] 2 5 y 3u
tle == 1 58, 525 -~Is-teu)+Te +tu £,
ic axi i3 axi i, axj, g la € i 3xi
'rhaotcmi 3. Let u be the solution-of
) X 2 32“e
v wa [ ] =f on @.
€ a"i 13 a 2 ’

When ¢+ 0, u ¢ Cconverga weakly in Ro(m to u solution of

X a‘u z Ble '
V) Wt} oq 5y vhere q,. = N[a -} a ......_}
1 oo HOTUR ok e
i ; {_1,,2 ?? 2®
and. X° satisties A" = 2Al) with A= [aij =] . .
;- 3
)(i is Y-periodic i i
2 ¥ s
Proof of Theorem 3, The (u ) are bounded in H (N)} let u_~———tAyu, As in
: £ es0 0 €t e~ 0
the second order problem, let us introduce
2
v
€. >
G=lay—5
. 2
The (Ez) are bounded in Lz(ﬁu we can extract subsequences such that ci Yol i

£20
The problem is to identify the &i. Given P an homogenous polynomial of degree two

let us introduce X the solution of

2.1 AX = AP !
X is Y-periodic

and '
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(2.8) - WP X,

, 2
(2.7), (2.8) tmply that A(e%w) = O and R R 2

Let us multiply Mc by e?wtv where v ¢ C‘;(ﬂ) and integrate over M

2
{2.9) u]uewvdx%]{tir(fwv)dxvfﬁrwwdx.
*i

Lat us look to

2
I~fZl:°[—a--(cw)o+2-§~(aw)-§£*+e2w SL‘f""]clxma\ + b
€ Qii € £

s e Ay g vxi

) g
axi eaxdx(c¥o)2jxgiaxiaxidx'

2 2
c -I)}:;cczw 3 dx-aﬂv-—--')fXErP-g—&dx.
€ i ax i el

(e » 0)
i
2
" 2
a =[] —-5~[X a (e%w )v]
€ a9 3x§ i Y ax‘
‘ 2 )2 $2 2
-Ju[{ [13 “"‘“")]"*223, [Xa (cw)] 4}:%3
R} 1,3 ax t.ax A axi 1. r‘\x

+ e
C

(rw)

Since A(twc) = 0 the first term of thé sscond member iz equal to rero and a,

to
2 d 20
? 2 Oy & RS
a -I):[Xa .--—(CV)][_z m-u‘m]dx
and

cee»0 o 2 WX, ax 3
i Bxl Xy ﬂ I | xj
2 2 2
\ '\
STl g B 5] [ S
3% Mg e
Going to the limit on (2.9) we get:
«29-

£

3

Y
«

f.»

X
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U
o

¥

Lyl ool o
R i

. 2
3 k:
(2.10) v{wax+2]2£i-53»§?r‘°—ax+f}:eip-—%dx
& Q *3 %y @t ax{
.
’ 2% %) ;3% ,
+ZM{Za -——--—-—f—— dx = (£,¥P) .
5 4% Rg2 5 gayd
* "k *
On the other hand multiplying v, by ¥P, integrating over 0 aid going to the limit g
we geat:
R
(2.11) W } ubpdx + j 1 51[ Sty 2)6:( « (£,0P) .
ax1 S § 3x1
From (2.10) and (2.11) it results:
, 2, 2 2, 2
(2.12) [Te Fau- M{Z 3 e ?-’%]) &2 vax .
Q axg j % 3 a sxaxj
Taking P(x) x % xi:
2,y .2 '
) X! 3w
{2.13) E, = Z H[a a } -l |
103U ki 2 3x§

the limit equation is

32 4
(2.14) wa ¢+ ”{1 -X,kj x} azuz £ .
i3 3ok Bxk ax]ax
32\; u
Let us now describe how to deal with the teims of the form ) by e B F
[ 3x b]
“Theorem 4, Given (bi inl n’ Y-periodic functions, let us define
S —— P vy
2 Ay
Folu) ~ [ {(Au) +ufoul® ¥ s ) b1 3 jox -
2 i
when © goes to zero, F, converge in T (w - 82) sense (4 1is taken large enough)
to Fo:

_ 2 2 _ % i,.3, Bu du
Fo(w) = sf2 {(Au) + plou]® - T Maxt,ax?) ax ax

3~ Mby)

i

where X' satisfies ldx1 +b 0

X" is Y-periodic

30~
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considering the Euler eguation that meang, that for any ¢ H‘z. ‘the solution u, of
MY
" " 3 - =~ Y «-«—-l:'. - \ »?a.. -
v A e nduy + A[Z biv “*i} % e, tbir du) *t

convergs ag ¢ * 0 to the solubion u of

(

V1) 2y = pdu b } M{ax ‘ax‘) §-§‘~ «f on 3 oue Ha(n) .
X 0
L3 * 7y
Proof of Theorem 4. It is clear that for u large -¢nough thu sunotionila (r) are

v

convey, undformly coercive on ug(u)x the LR ¥ solutiona of the correasponding

F\O

Euler pquations stay bounded in ng(ﬂ): lat u and identify u ds the

M
(t » 0
solution of the limit equation (VI), The only.problem is to compute the lwit in weak

K1 ot the sequence - § gﬁ~ (, du): glven ¢ ¢ O (R let us considar
%y ir I 0

XA

3
w o] 2= (b, dudpdxw [ Ib, Au
0 X S Q- ai ic v Ry

and introduce ! solution of @am  Jaxd s b, = Nlb;) =0
X' Yeperiodic .

such X' -exists aince N(b - N(b;)) » 0. We can now write I in the following way:

- ated) )y R
I = é § (o) = Ate“X DA, =

2,4 %
I =] M) [ du -:x—dx“}'):t\(c X )Au ax .
I S R R 5 S ]

The First term of the second membaer clearly converges to X R, ) f Au ggL‘dx. Let
1

i
us consider

2.4 ¥
g e =f T ate'xhaun o ax
€ Qi ¢ e ﬁxi
and integrate by parts

= J [ % ‘[Agu f‘ + 30lan )u{‘”} + du n[{”]] x
HE T X N
and using that e satisfies (\'I)‘x
du
2,& S - L R
- % £ ¢ xc[{f budu ¢ § N (nivé“c) A{§ bﬁ x )]

¢ 3 Sxi
4 2040 }D[w] + «\[""]]ax .
1

=31~
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Afrer reduction

du au 3¢
g =] e Hnunu +}j«--<bj Yu, -Xn(b )~—-~2zntb )u{&—ﬂ 3,
b3 { j c j c

[ 20 3¢
+ 2D(Auc)°(3xi] + Auc A[axt}}dx .

When ¢ goes to sato, all the terms but one go to rero:

t ) ‘
- i 1 ¢} o a9
lim J_ = lim X ! tzx {3 —— X (A(b )) —g~1 — R = I Z M(x A(b &) *_~~w_* dx .
o0 & 0 i el 3 3 e axj 3*1 b] 3 axy
Finally,
""*"""*X Nib,) Huﬁ-dx + Z MX A(b 3 [Li‘uax )
c (e » 0) i X R ax
that is to say:
3
- Z Tl Au o) _"”'“"’u Tor - LNy 5 g & Z et aoy)) - axj .

Since

au 2 ‘a“
[X bi 5 } --—--—-—-»e =5 A[X Nib) 3o ] ) H(bi)c\[s-;-} ~
i LY i
the limit equation is:

(v1) A - piu - P uixtan) 2 Bemf on R e w3

h| ax 3xj

We remark that

A 1 i3
8] = - A !
N 8b,) T ‘{ x* ax’ax

and that u minimizes

YT

PO - {f,"):+ with

Fylu) = / {(mx)2 + ulDu]2 - XN(Axiij S8 s: }dx .
f 3

Let us now consider the last type of higher order terms that appears in (2.61:

Theorem 5. Let us consider the sequence of functionals (F )
€>0

2 N
Ps(u) ~[{(Au) + +Zalua 2}dx
2 i e Sx

“-32=
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where the ay ate Y-periodic and u is5 taken large enough in oxder for the (F )}

- BP0
‘to be uniformly coercive on Hg(ﬂ}. When € goes to zero, Fc converge in | (w ~ H;)
" sense to ot

Fotw = [ Gew? + [oul® = $miendulax
2
where 2
3 ay
Ax T —2m 0y

2 X is Y-periodic .
axi -

Considering the Euler equation that means that u  solution of:

‘ 2
5 . 32 3 u,
v Auc+uqc+z;—£(ai ul +la —g-rf
X3 € LR

converge in wuak-Hg to u solution of

(Vi1 8% + wu = NER U = £ .

.

Proof of Theorem S.

The proof ix just slightly different from the one of the model

problem (IV)G: The only problem is to compute the limit of the sequence
azue
{Z a, -—7;J +  Let u3 introduce X solution of
€ oX;
i >0 2
9
a,
a2x + Z —~E$ = Q
Bxi

(2.16)

X is Y-periodic .
From (2.16), (2.17)

2,2 32
A% (e ) + ) =3 taj Y =0
R xi €

maltiplying (2,17) by vu_, ¢ € C‘:(R):

2
)
(2.18) [ ae®x)swudax + [ Ja, = tbudix =0,
€ € 3 L oaul £
Y i e ooxg
R E %
(2.19) | (ax)_tséu_ + 20¢Du )ax + [ A(eX Jvou ax
R € € € Q € £
2 du I
IS \
e (B e m e D
i el i Xy

$or

-33-
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which implies, since (Ax)c 0,
2“ 2
) au '
(2.20) 1im {f A(s x )Mu dx + ] [Z A T dx} ): M(a,) f {'-—-3 Yu+ -—*zaf ———u}dx
i 2 3x, Ix
e-+Q c E)xi i 2 \ax, i 4
. p§
3%y
) N(ai) J"—'-ivdx .
i f axi

Let us consider

- 2
J: £A(c xe)\qucdx '

intégrate by parts, and use that v, satiafies (vn)ez
2 Ja
3u

3u 2
X 9
g =[x [msu + 209D (4u )~+v[f-uu -2fa, —S-2] L L T (@ ) ]]dx .
€ g cle € e idead 1M {ad C
When € goes to gero
azai
(2.21) 3, m—) -1 N[X —T) J eudx .
i axl
From {2.20) and (2.21) it follows
2 2
“c] a. 2
{2.22) ] Za Py T 577 1 u[ ] [ vuax - Zn(ai) f--—\odx
c Bx i 3x 3x
i i i
which means:
5 2
8 u 2 a,;
Ja —= wort, Zn(a)i—‘\»f)_‘ux-—f—iu.
¢ i 2 i 2 .2
i Te n i N+
i i i
The limit equation is:
\ )2 22, 2%,
Au*uu+ZM(a)-——-ZN(a)~—-+XN{ 2)\1-{,
agi axi axi
a a
(V1) My + ] a{x -—2—1-}u = £,
i axi
From (2.16),
¥y 2
M( ,,} = ~M{{8%)7) .
1 Ex;

=34~
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Remark 7. TFrom Theorem 5 one can refind wasily the result of the model problen where

F, W aj Lon? s - @e)? - 24K Hdu = 208%) oJoulZax .

It is clear that the contribution of the last term, in I (w = Hg) convergence, is zero;
so, we apply Theorem 5, with a, = X and get the result of Proposition .2, Temarking
that M(WX) = ~M{{8X)2).

Let us give finally the following example which is relevant of th&;;am t};pe ot

technics:

Theorem 6. Let (u ::) be the solutions of the following equations
€0

2 4 L Loy 2
(VXII)C u + 4 ue + Ho’abuc + b "1.:‘*‘“ % + ‘:2 W 2,¢% ™ f on Wy L ¢ Ro(m

{we take u larye enough) where the "i i =0,1,2) ara Y-periodic functions with Zero

mean value,

When ¢ goas to Zera, uu converge weakly in ,ugm) to u solution of

i) wu + 0% % N (R, = div X4 X)Iu = £ on @ ue W@
where X, is a solution of (2.23) Azxi AL 0
",1 y-pariodic .

Proof of Theoreca 6. Let us consider

¢ . ¢
1% sj;w Jugde, 1= é

5

2 2,8¢

wi,zdi\' aﬁvdx, 1; = f ;L‘w u_wdx
Qe

where @ ¢ ﬁz(&}) and compute thair respective limits when ¢ » 0. Just like for the

‘mode) problem, one can prove

“

{2.24)

2 T )Q))M(H )ffkwdxx

18t us consider now Ig <

#

LIS j Wy (duvax < - | ax, chuas .
‘ 2

«38w-

L v e e i -
” . (A

i

g s v,
s E
%

PRE AN -4
SR ch e R Ve

>
t
2%

L
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Lo 2 Ay, g b 2 s e e g St o A
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oy

H

10 = -4 ] ax, (8 2% ¢ + 20(du )¢ + Au_s¢ldx
o | € ®

2 1 i A ;
= - é () 16 = wu = Wy o = Wy (div = % W, oo dedx

2
-¢ é (6X,) [2D(4u, 1Dy + Bu Beldx .

Whan £ goes to zaro we see that

. ‘ ¢ ,
{2.25) 15 =+ N(BXN,) é wdx .
Let us now look to the last term Ii:

1= f Wy div updx = -¢ 3 [ a%x, )aiv u vax ,
L 2 1l,¢ €

oy
¥

taetfu (830, Daive + a¥laiv %) ovlex
n [

¢ [ A, At diwiax + ¢ [ a@lv X )8lugdax = 37 + H
n £ ‘ c

Q 1

[<]
[ ]

L cg“ﬁ%ﬂ%ﬂw+2m£@“ﬂ%uéWMNNXEjTﬁG:

=
]

2 P 2 2. .
} y "€ £ (div xl)c[é u.e + AueA¢ + 2D(Auc)0¢ +aAueb¢ + “cA ¢+ 2Du£D(A~)

u
+ 2D(Au)De + 200 D{d) + 4 ] D[ } Dfaw}]dx .
X;.

Using that u_ satisfies (VIII)c we get that

€

(2.26) tm 15 = lim RS = lim [ ¢ @iv-x)) =W pdx = -M(div X, W,) f wax .
0 1 0 ' 0D [ g2 26 “] 25

From {2.2d), (2.25) and {2.26) it follows that

] 1 s \
"O,CA“C +~c Wl'cdiv u - 2 2,&“2 E~:——*vM(H div xl + Axo)]uo

and u satisfies (VIII).

2,3. Energetic interpretation and compactness results for higher ordvr functionals.

We are going to see that the stability results we got in the preceding paragraph
are relevant of general conmpactness theorems for the family of functionals

Ry, () as’z fh(x.u,ou.nzu)dx

-36-
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where fh i3 Caratheodory, convex continuous in (u.Du.Dzu) and satisfies

‘ :\Q[z!p < g (i) < A0+ el s IpIP & Jef® 1.

Theores 7.. Let
£ B x roxR xR g
(,E,¥,2) & ‘!h(x,.‘:,y,z)
be a sequence of convex ihntegrands ‘satisfying
1 xwe th(x.;.y,z) is measurable
(c) CA{E,y. ey fh()g,ﬁ:.y.;) is convex continuous

A EP + I9[F + [2]P) < £, (xoEayez) g Ag0 ¢ Je]P + Jul® 4 1219

{p > 11 .

With such an integrand ‘fh we aggociate the functional Fh;

Vit open bounded gat in :QR", Vu ¢ wfégm") ~Fh‘(u,m = f fh(x,u(x) JDulxy ,5?u(x)')dx .

There exists a subsequénce (h()r)x)ku{ and an intégrand £, still satisfyirg (Q),
-such thata

W0 opén-bounded set in R, vue WP P = I (w - W P@) ln B ()

>
Remboe hk

whete, F(u,2) = [ £(x,u,0u,D%u)dx is the functional associated with f.
) 2

the conclusion atill holda with wg,p (" instead of wz"’ .

Proof of Theoren 7. The proof is very géimilar to the proof of Theorem & ((1l]); so, we
shall develop assentially the parts where the introduction of higher order terms bring
some wodifications.

Let Bh. be a denumerable rich family of open regular sets in R {by requlaxr
we ‘mean that the boundary ig of zero Lebesgue measure).

By the cldssicall abstract compactness theoxem of Kuratowski, and using a diagonaliza-~

tion lésma, We can extract a subsequence (H(k)) such that:

ke N
{2.27) vire B o e WP e - W Pan uinow @
’ n - ¢ , ke R

_exists, From now on we shall write Py instead of Fh : {2,27) means that
- 'k
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where ) S !

N d b

{ i"“;(‘u,n) =T (w - w?"p)lim. inf Fk(u,s't)

e Pt 2 P - WP lin sup E, 9
Since F' 4dnd F" are increasing: functions of 9 and. B‘n is gich, we get:

" Vu e wi(’)g(lin) V@ cpen bounded set in ®" H{u,R) = sup F'(u,w) = Sup P (u.w) .
. oo o ¢ wee wee., -
‘Step 2. ) T o
- ' ) , . 3
- @ > H(u,®) is the restriction to opeh bounded sets of a regular Borel measuta.

singe H{u,*} is an increasing, inner reqular function of 0 we shave just twe prove

'

that it is wudditive and subadditive. ‘

Clearly: @ » F'(u,0) is superadditive; the conclusion will follow from:

E

Qo P, is subadditivqe.gn Bne
. 2,p, 0 " 10 " " N
Vﬁl,ﬂz € Bn Vu ¢ “IOC(R ) F (u,ﬂl 92) i F (“'Ql) + F'(u,ﬂz)

Noticing that '

—

2, Ug, = a2, v (92:\91) > 0 v (92\91)

c .

and neas(ﬂl U 92)\ (Ql u (92\-:} is equal to zero, we reduce proving that: le ,wz,n

open bounded sets such that

‘w U. . =
Q2 W, Uw,, meas o (w1 ) w,)) =0
we have:

zlp n L1 i “ [l
Vue W (R FY(u,0) < FU(uw) + Flluwy) .

Let us introduce

- . A= (wy U W)

(by -hypothesie meas(&) # 0) and
() = {xe R'/aist(x,8) <r} .
By Urisohn's.lemiia, there exist ¢ regular (here we néed v € C2) such that:

¢ =3 ’o.;x» Ir(A) and ¢ = 0 outside of Izr(A) .

(From ¢ ‘Lipschitz, one can get ¢ ¢ (,’2 by regularizationr by convolution, noticing

. that the ‘thici“'.ness of Izr\ Ir is strictly.positive.)

=38~




I

i RS )
fy JdeFinitien thore exiw ng‘ S Ce Mgy el bhat
{228 ' SOOI - L vkm:,w‘u B L) o
fet ue definet ’

+

x

T |
g = ¥ o
b ”“): Aon e

\'kw woen ir(o\l :

: ) . .\‘4\ - »’*Ni b on N,

Gloerly v v u tn PO ek s prove bhav!

wap B{v ) 2w g
K LR

frof the uhtform coetclyvhess of the B and the detinition of % that will feplw

. W = m)} {1

i NN ana

[ CTTH IR B VT l\(\'k.m \
K iw

I fact let ux prove thits fheguality oty 0« b8 1y

. . “‘1”,“1 RETUURN PR |
}‘kmk,w) " &il £ ~fklxyl(1 ‘““k t i, Lt vm)uk (RS VR 6 =2 (Y \\k).\.(l b My

i

JRUEC TN TR P o N \}@a, 1 )
T T AT S S T “k) ¢ “[Ax “k’ ‘N N o= “k‘] QX
{ ¢ l‘ mg‘

By convexity of rk Wa ot

4 \
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D
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Bince u’,’: converge weakly to u dn w"P(w‘\i).. it cohvergas stronaly in wl’”mi}
which fmpliest '
i sup K (b, ) < P uw) & F ) 4 b e ful? « loulP + JofulBrax '
ke L)
(L= wN [ax.
%%
Therefore,
v« WP
1im sup r«k(wk;m < o, tvx e N
K bm
and
FEN ) 2 Limosup B (v X FY N ) 4 E W)
Kadw :
+ Ay ) @+ JulP o loulP + o%alPax ¢ - wdg [ ax
Taeta) H

[N

Naking ¢ go to wero, t go to vne, ahd using the lower memicontinuity of uds B¥{u,a)

ve finally get:
FU ) e R iwy)

Step 3,
W) = v = WP ) ddm B W) & )
K

We have just to prove that
PR < HELR) < R twnd
“ﬁu right inequality ds evident; the left one is i straight-forward consequetice of the

stap 2.

¢ regular such that meas{Mw.}<e} by the preveding

Given & > 0; let LA Cw, w
-Argument;
PR € PV ) B )

MR + Ay f\__ﬂ_ o+ Jul® e Joul® + 0% Pax

th

Makitg ¢ go to mero; we get F*(W,2) < Hiu,R).

~d0=

o
3
i

A oy o




Step 4.
Let us prove that there exists £ € () such that

Vu € W?(’)ﬁ‘(l&n) ¥t bounded open set in R, Flu,0 = f C(x,u(x),Du(x),D2u(x)ldx .
i

From {¢), WVue wi;g(lfﬂ ¥i bounded cpen set in r -
0 <P Ay [ 0+ Ju® o+ oulP e J0%ufPrax
Q

It follows that:the measure 0 » F{u,R) is absolutely continuous with respect to the
measure of density {1 + |u|P + |ou]P + lnzulp)dx. By Radon-Nikodym theorem, For any
ue wfég(m“) thore exists a locally integrable function fu such that:

VR open bounded set ih K,  Flu,q) = f”fu(x)dx ,
9

Given X, in l¥‘, let us consider the funckion

»

1
I LI N O EONIE R N TONY SRS S X ¢ TN S
R R SR R T R T

XXOoEoY:! j

There exists a function fxo.c.y.z such that

. n
¥il open hounded set in R, F(XXO»EIY.Z'Q) u £ fxo.a,y.z(X)dx .
Let us prove that

Vu ¢ wiég(lfW, VR open bounded set, F(u,R) = f £ 2 {x)ax
€ Xuix),Duix}, D u(x)

that is to say

£,(%) = ¢ , X = Elnulx)ouia,blut)
x,uix),bu(x), D uix)

Clearly, by a continuity argument, we can reduce taking u € c2(1€5.

Let us tike x, a Lebésgue point of £u and let us design by B(xb,ﬁ) the open

0
ball in R® of center X, and radius p > 0. From (C)
we WP vo >0, 0 EW,Blx,) < A0 [Iv® ).
loe - 0 -0 WZ,pm(x on
0!

Since v ¥ PF{v,) is convex it follows classically that there exist a copstunt ¢ ~

such that
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vu,v ¢ wi‘ég(:n“) LR ECR TR T k‘tv.!\(?‘«(,nﬂ‘)l
. A i
goflu- v ol + fvitt, 1 .
WP ixg,00) L YOS N YO |
va,v ¢ wi;*;m“) VO % pud R BOen)) = Fle Bl ]
scllu-vll {1+ (lu)l®, + [lvll® .
W' B kg, 00) WPme e
Let u# apply thiz inequality with u and v = X 2 k;
xo.ulxﬁ).nu(xol.bfu(xo) ﬁa
wocp<l ff g ) - . waxf xelf lut) = x() |P 8
B(x,0) Xgru o) yDulxg) ;D uxy) B{xyp) 3;5‘
1 * E
- L, R
+ |puix) ~oX(x) P + 'lbﬁu(x) -»D‘X(x)lpdx % "“"pg p + "D’(“pz P I i
LI CICONE ) W (B (x, 1)) o
53
Ne divide this inequality by !B(xo.n)! and make o go to xero. Since u i# in Y
CHa) and X(xg) = ulxg) DRixg) % Dufxgd, DRR(xg) = Diulxy) we gat e B
5 1
Ui et | f (£ (x) - £ ) dax| = 0 .
a0 LIENTN u

B(xy0) xo.u(xo)zbu(xo),bzu(xul

Since xo ix a Lebesgue point of tu' we finally obtain
t“(xo) - { {x

VS
xo.u(xo).nu(xd).bau(xq)

0
Step 3.

P, » 1w = WP @)m B )
o hye

Wé. ddapt the classical proof which consigts-multiplying u by a Zunckion ¢ ragulac,

equal ko xero near the boundary, using the same type of argument as in Step 2,
Remark. 8.

Tt 18 clear that thix demonstration can ba straightfoyward extended to func-

2 tionals of any order. We restricted ourselves to functionals of order two only to

simplify the notations,

Lek us now give the proof of the homogenization formula for the functionals

Ftw) = s{ e, vhnax
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wheve £ is pordodlc in %, convex, continuous, toercive with resp«ét to DQu‘ Since
the argument is close te the one developed in {3) we 8hall just sketch the proof and
davelop the modifications that the introduction of higher order terms brings:

Theorem 8. Let

Fow = [ £, pfutx)ax
q

where f 1w Y-periodic in x», convex vontinvous dn = e RQ“ and satisfies:

MbelP e ta can s B me .
When © qoes to xero Fu converges in I (w = wg.p(n)) Ranse to FO:

By = é £, 0%utx))ax

with

Eolz) = Min w7 [ fouptuta. + wax
“éwz,p ‘ I Y

u Y-periodic

Proof of Theorem 8, S8tep 1.

From the compactnesd Theorem 7, we can extract a subsequence (ck) and f£ind
keN
an lntogrand fo guch that for every € open bounded seb in ®' and u in w?;g(lﬁ).

o= W) lim B ) = By ()
Ker b “k

with

¥ luid) = / i‘o(x.n;‘?u(x))dx
0

(it i5 clear that Eo does not depend on u and Du, since
08 iy £ A% 2P and i) » E (K Eyie) ds convex),
Thé convergence result will follow from the iddéntification of EO.

f. dis independent of Xx.

0
The idea is the sawe as the one developed in Proposition 1; leot us see how to exiend

it simply to the most general casy where

“d3=

(R Ht
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Fotu) »f £, uibu,. b u)ax
€ q &

(for simplicity of notitions let us. take v = 2),

From. the proof of Theorem. 7

(x* 6oy’ - £ f(x{v’h::y:!)dx

where
xl'e'y" (%) = £+(y,x-x) +~(z.x~—xl,x~x)
and H
Folwf) = [ €, 00,u,0u0,0%dk with £,06,E,y,0) = £0x,x,Eey,2)
g,
Let k. ‘x x, be tixed in R" and 3 such that nlc x (i +1)
6t *1'%2 ! ™ : Kk = " 'S
2.p
wewr, AR
Yoy apetovia 4
roX ) ﬂ)-nn!' {u, M with Q=Y +x .
A UL B e e 2
A . i
Pola @) =] (&, u x-ne), x-nc).nzu (x- 1o))ex .
tk ck | m“liitk tk € ™ k ck ™

et us extend L = r\:tkf) to 0+ X, and Yy bs the axtension such that
x |

‘l?ek(\l‘k.ﬁ) - !ck(vk.ﬁ * xo)' regreadU D

3 3 ‘ (S - 2'P
Since vy converges to xxl'.E.'i.!( xo) in w=-W (n+x°).

Fo (X {0 =xa) ¥, + %y + Xy} S Lmdnf P (v, ¥ + %y ¥ X)
0wy Luyzt Vol Te "0 T TN =T DT Te, Tk e T T2 T o

<11m1n£!' {u_ Y+ x,)
koo %k G ° 2

< Fo(xxl.e.y.z'yc %y .
So,
By "
‘ITI“T x (%,&,y,20d% < T\}-'- fx (X:&,y,2)dx .
€ \E+x0+x2 Q 1 r “cﬂ‘? -l

Makihg © go to zere, We get

“dd~-




which implies

il.e. X » f(x,x,i.’.)’.z) = EQ‘XLEIle)

Step 3.

(W& is the spate of Y-periodic functions.)

Clearly since f

where Kz

Since

it follows that

f {2) = lim Min

is the closed convex set

Tyl = 1w -

K,”“'\') =1 (w=-W

(x‘n + xz,C.Y.z)

is constant.

1

.._._.

f (x;D u)dx
T

2;p

:_ fxl (chsny' z)

f(xo + X ¥t Xooke¥ez) * f(x],le_&..y.z)

f(%.»n% + zjdx .

£olz) = Mm [t (x,0% + z)ax
TT

lYl uﬂ(

1 1 i
K, = {ut 57 % gXgXg /0 € W) = Tupy - ) R ARE

2,p
Wy (Q))Fc ()

K

(Y))(F + 6&
by kz

N
and singe the functionals are uniformly cacrcive oh W° ’9(\’)

Step 4.

This follcws from the equalit;y:

f {z) = lim Min

,Du + z)dx = Min

f(hx,b w ¢+ ozids = Min °~-f B

~i{B=

T-rf E(E’-(-. D2 + n)ax .
k

ucw

1

e ¥ ¥

Min ¥ (u.i)

) (u,¥)

'ﬁ.'* f f(x.Dzu + 2)dw

(x.02u + =)dn
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Let us vall !

Mg’= Min T~T f £ (hx,D u(x) + z)Ydx

~and let u, be a minimizing point;. lat us prove first thats
a} MM
Let us define

~ - ‘1-
u(x) h,‘, ‘“I(h")

and let uy extend it to Y by periodicity.

-%-— | £(e,0% + z)ax = S/ £ x,p%, (ha) + %)
Yy I ™y

3;‘-—%* 't(x.nzul(x) + z)ax
¥ ny

-

and since “l is Y-periodic

. 2
I¥] ‘{ £1x,0%u)0x) + z)dx = M . .

Since U is Y~periodic M S My

b >N 1y
) M2 )
Let w, be a solution of Nh and
h=-1 i i
(x) - 'L X “h(xl + T%'ro\'\qxn* ";?‘) )

(l "IO.i )'0

v

Clearly N is %‘-Y-pe:iodic. 80 u(x) = h2v (5-

h h) is ¥Y-periodic.

s—4

T}T [ £1x,0%(x) + 2)ax = il [ £x0%v, &)+ 1ax
¥

™

- T%Th“f £ (hx, DV, LX)+ 2)ax
1

hy

and since Yh is % Y-periodic

l" [ E(ax,0? v (x) + z)ax ,
%

by convexity

i i

2 1 Lk o
\'{ f[hx,n uh(xl+ h okz’*‘ h l'\clxn"' h) +z]dx
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£(hx,D%u, (%) + z)ax = T
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and the conclusion follows.
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